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STATIONARY SCROLLS, GAUSSIAN FLAGS AND DUALITY
ZIV RAN
ABSTRACT. The class of stationary scrolls essentially coincides with that of projective
varieties with degenerate Gauss maps. A stationary scroll sits in a Gaussian or osculating
flag consisting of similar scrolls. Here we explore a duality in the class of Gaussian flags.
Grosso modo, every variety with degenerate Gauss map is dual to a tangent developable,
and conversely. Applications include a charaterization of tangent developables among
stationary scrolls.
Let X be an irreducible closed n-dimensional subvariety of PN (always over C). The
Gauss map γX : Xsm → G = G(n, N) is the rational map that maps a smooth point x ∈ X to
the embedded tangent space T˜xX, which is an n-plane in P
N . By a well-known theorem of
Zak [5], this map is finite whenever X is smooth. However there exist many examples of
singular varieties X for which γX is not generically finite, including cones, joins, tangent
developables and more, see [3], [2], [1], [4] and below. In this case X is said to have a
degenerate Gauss mapping and g = dim(γX(X)) is called the Gauss dimension of X. The
difference dim(X)− g is called the Gauss deficiency of X. In fact, the fibres of γX are known
(see op. cit. or below) to be linear spaces. Consequently, it makes sense to view a variety
with degenerate Gauss mapping as a particular kind of (singular) scroll which we will
call stationary scroll. This is the viewpoint we adopt in this paper.
In [3], Griffiths and Harris state a structure theorem for stationary scrolls. They as-
sert somewhat vaguely that such varieties are “built up from cones and developable
varieties” ( [3], p. 392). They give a proof of this assertion in the case n = 2 (the proof
extends to the case g = 1 - see §4 below). In [2] 1, Akivis, Goldberg and Landsberg
present some examples, especially ”unions of conjugate spaces”, which cast doubt on
the Griffiths-Harris assertion when n > 2. Thus, the complete structure or classification
of stationary scrolls appear to be an open problem.
Considering that stationary scrolls are necessarily singular, it will be convenient to
adopt a slightly more general viewpoint and talk about parametric scrolls: by definition,
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a parametric scroll consists of a Pk-bundle X/B together with a morphism f : X → PN
that restricts to a linear isomorphism of a general fibre of X/B with a linear Pk in PN .
We allow the trivial case k = 0. Parametric scrolls are in injective correspondence with
certain ’classifying’ morphisms B → G(k, N) (a priori the classifying map is just a rational
map but no information is lost by resolving it to a morphism). A parametric scroll is
stationary if, for general b ∈ B, the image of the derivative d f on the total tangent space
TxX, for all sufficiently general points x on the fibre Xb of X/B depends only on b . Thus
all parametric scrolls with k = 0 are stationary, while the stationary scrolls with k > 0
correspond exactly to varieties with degenerate Gauss map. Now a stationary scroll XB
naturally belongs to a flag (X(•)
B
)where X(i)
B
is the parametric scroll whose fibre over b ∈ B
is the ith osculating space to X at a general point of Xb (and the tangent space to X
(i−1)
B
at a general point of X(i−1)
b
), considered as subspace of PN (this depends on b only and
not on the point is question). Such a flag is said to be Gaussian. The class of Gaussian
flags includes the (plain) osculating flags where X/B has fibre dimension 0 so X(i)
B
is just
its ordinary ith osculating scroll of X.
Now as we shall see, there is a natural duality on Gaussian flags where the dual of
(X
(•)
B
), here called the linear dual flag to avoid confusion, is (X(•)⊥
B
) (in reverse order), map-
ping to the dual projective space PˇN . Here X⊥
B
is the scroll over B with fibres X⊥
b
and
likewise for X(i)⊥
B
. As the terminology implies, the linear duality relationship is symmet-
ric. This symmetry has some interesting consequences. In particular, note that the fibre
dimension of X(1)⊥
B
is N − n − 1 which is zero when X is a hypersurface. Consequently,
any hypersurface with degenerate Gauss map and Gauss dimension g is linearly dual
to a tangential scroll of base dimension g (and conversely). Thus we get a classification
of these hypersurfaces. A similar conclusion holds when some osculating scroll X(i)
B
is a
hypersurface: then X is linearly dual to an osculating stationary scroll.
We will also give some results about the case where the Gauss dimension g = g(X) is
small relative to the dimension n = dim(X). Specifically when g(g + 1) ≤ n we will show
X is an ’inflation’ - explained below- of a cone or tangent developable. Moreover in the
extremal case g = 1 we will show that X is a cone over an osculating variety to a curve,
or else a cone over a curve, consistently with the Griffiths-Harris assertion.
1. BASICS ON GAUSS MAPS AND THEIR FIBRES
In this paper we work over C. Till further notice- which will come- X denotes a closed
subvariety of PN and γX : Xsm → G(n, N) is its Gauss map. Note that a global vector field
δ on PN is induced by the action of the general linear group, which extends to an action
on the Grassmannian G compatible with the Plu¨cker emebedding G → PM . Thus we
may view δ as a vector field on Pn × G that extends to a vector field on PN × PM .
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Now let F ⊂ Xsm be a positive-dimensional component of the fibre of γX over [A] ∈ G,
A being an n-dimensional linear subspace in PN . If a ∈ A then a extends (non-uniquely)
to a global vector field δa on P
N , thought of as a derivation, which is everywhere tangent
to X along F. At the same time δ also determines a tangent vector to the Gauss image
γX(Xsm) at [A]. We can trivialize the Plu¨cker line bundle L in a neighborhood of [A], hence
trivialize γ∗(L) in a neighborhood of F. I claim next that F is not a multiple fibre of γX;
equivalently, for a general Plu¨cker coordinate φ vanishing at [A], γ∗
X
(φ) vanishes to order
1 along F. Indeed let
µ = min{ordF(γ
∗
X(φ)) : φ([A]) = 0}
(minimum among Plu¨cker coordinates). If µ > 1 then for general a ∈ A,
ordF(δa(γ
∗
X(φ))) = ordF(γ
∗
X(δa(φ))) = ordF(φ) − 1.
However δa(φ) is also a Plu¨cker coordinate, so this is a contradiction.
For a smooth point x ∈ F, Bx = TxF is a subspace of A. We claim that Bx is independent
of x ∈ F.If not, pick general points x1, x2 ∈ F and a ∈ Bx1 \ Bx2 . Then for a general Plu¨cker
coordinate φ vanishing on [A],
δa(γ
∗
X(φ))(x1) = 0 , δa(γ
∗
X(φ))(x2)
However
δa(γ
∗
X(φ)) = γ
∗
X(δa(φ))
and δa(φ) is another Plu¨cker coordinate, hence either identically zero or never zero on F.
Consequently the Gaussmap γF is constant so F is (an open subset of) a linear subspace.
It also follows that pushing F out in the direction δa using the 1-parameter subgroup
exp(tδa) in PGLN , F not only remains contained within X- this much is clear from the fact
that δa is tangent to X along F- but in fact it remains a fibre of γX to first order.
Now the argument above can be repeated: if δa1 , ..., δar are vector field extensions of
arbitrary a1, ..., ar ∈ A, then δa1 ...δar (φ) is again a Plu¨cker coordinate (or zero), hence con-
stant on F. In particular, taking a1 = ... = ar = a, the orbit of F under the 1-parameter
subgroup exp(tδa) is tangent to X to order r along F. Moreover pushing out F on X in-
finitesimally to any order, it remains a fibre of γX (this is obvious if F is proper). This
proves the following result which was implicit in [4]:
Proposition 1. If the Gauss map γX has a positive-dimensional fibre not contained in the singu-
lar locus of X, then γX is not generically finite.
Remark. The method of [4] shows that a fibre F cannot contain any proper curve. There-
fore F is an open subset of the complement of a nonempty hypersurface in some linear
subspace. This appears to be a well-known fact [2].
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Example. In the P5 of plane conics, let X be the hypersurface consisting of line-pairs,
whose singular locus is the Veronese surface V of double lines. At a point L1+L2 ∈ X \V ,
the tangent hyperplane to X is the set of conics through L1 ∩ L2. Hence a fibre of the
Gauss map is the set of all pairs of distinct lines through a fixed point, which is a P2
minus a conic.
Notice of change of viewpoint: Since we now know that a stationary scroll is a union of a
family of linear spaces, it is convenient to switch to a parametric viewpoint and hence-
forth work with a parametric (immersed) stationary scroll, which by definition consists
of a generically finite map from an irreducible variety
c : B → G(k, N), k ≥ 0,
such that the the natural map from the induced Pk-bundle f : XB → P
N , called the spread-
ing map, maps linearly on fibres to its image in PN and that the image of the derivative
dx f is independent of x as x varies in some dense open subset of a general fibre of XB/B.
We are mainly interested in XB in a neighborhood if its general fibre and therefore feel
free to change B by a birational or even generically finite map.
The special case k = N − 1 deserves mention. This corresponds to a generically finite
map to the dual projective space:
c : B → G(N − 1, N) = PˇN .
Note that then the tangent developable to B corresponds in PN to the ’leading edge’ or
’cuspidal edge’ scroll L(X/B). This is defined generally as follows. For a scroll X/B with
fibres Pk
b
, L(X/B) is the- possibly empty (!)- scroll over B with fibre at a general point
b ∈ B equal to
L(X/B)b = P
k
b ∩
g⋂
i=1
∂Pkb/∂ti
where t1, ..., tg are local coordinates at b, g = dim(B). When k = N − 1 is is clear e.g. by
duality (see §3 below) that the fibre dimension of L(X/B) is N−1−g which is the expected,
but in general the fibre dimension can exceed the expected.
A scroll X/B is said to be filling if the spreading map f : X → PN is surjective. Since
char. = 0 this is equivalent to the condition that at a general point x ∈ X the derivative
dx f is surjective. The filling scrolls are exactly those whose dual X
⊥
B has empty leading
edge (see §3.
For future reference it is convenient to note the following, probably well-known fact.
Lemma 2. Let X ⊂ PN be a variety with Gauss deficiency k. Then a general hyperplance section
of X has Gauss deficiency k − 1.
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Proof. According to Griffiths-Harris [3], (2.6) p. 387, the Gauss deficiency is character-
ized as the dimension of the kernel of the second fundamental form IIX at a general
point. Now for a general hyperplane H and a general point p ∈ X ∩ H, we have
IIX∩H,p = IIX |Tp(X∩H).
From this the Lemma follows easily. 
Note that in our definition, the spreading map f : X → PN of a stationary scroll is not
assumed generically finite to its image, and in that case X → B may not be the actual
Gauss map of the image. Such scrolls, however, can be easily classified:
Proposition 3. (i) Let X/B be a stationary scroll such that the spreading map f : X → PN is not
generically finite to its image. Then there is a stationary scroll X′/B′ over a lower-dimensional
base, together with a map B → B′, such that for general b′ ∈ B′, X f −1(b′)/ f
−1(b′) is a filling scroll
of the fibre projective space X′
b′
.
(ii) Conversely given a stationary scroll X′/B′ and a non-generically finite map B → B′ to-
gether with a filling scroll X/ f −1(b′) for general b′ ∈ B′, X/B is a stationary scroll whose spread-
ing map is not generically finite to its image.
Proof. By assumption the (well-defined) map b 7→ im(d fx), x ∈ f
−1(b) factors through a
lower-dimensional image B′ of B, which yields the scroll X′/B′. This scroll is stationary
as it is just a descent via B → B′ of the tangential scroll X(1)
B
. The converse is obvious. 
2. CONSTRUCTIONS FOR STATIONARY SCROLLS
This is from [2]).
2.1. Joins. Let Y0, ..., Yr ⊂ P
N and set
X =
⋃
{< p0, ..., pr >: (p0, ..., pr) ∈ Y0 × ... × Yr}
This is clearly a Gaussian scroll as T˜X,x doesn’t change as x moves generally in a fixed
span < p0, ..., pr >. Note that cones are a special case of joins.
2.2. Tangential (developable) and osculating varieties. For a variety Y ⊂ PN , the clo-
sure X of the union of its embedded tangent spaces at smooth points is a Gaussian scroll
because T˜X,x doesn’t change as x varies generally in a fixed T˜Y,y. Thus the Gauss defi-
ciency of X is at least dim(Y). We can similarly construct Gaussian scrolls as T˜ (k)
Y
, the k-th
osculating variety to Y , union of the k-th osculating space T˜ (k)
Y,y
. The tangent space to T˜ (k)
Y
at a general point of T˜ (k)
Y,y
is T˜ (k+1)
Y,y
.
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2.3. Inflation. This is a slight generalization of the ’band’ construction in [2]. Let X0 =⋃
b∈B
Pk
b
be a Gaussian scroll with Gauss deficiency k and suppose for each b ∈ B we are
given an inclusion Pk
b
⊂ Pℓ
b
corresponding to a morphism B → G(ℓ, N). Let X =
⋃
b∈B
Pℓ
b
,
and assume X is a scroll, which will be the case for general choices provided ℓ − k <
N − dim(X0).. Then I claim X is also a Gaussian scroll. Indeed for x ∈ P
ℓ
b
, we can write
with general choices
x =
ℓ∑
i=0
αi pi, p0, ..., pk ∈ P
k
b
where by fixing the pi and varying the αi, x fills up P
ℓ
b
while
k∑
i=0
αi pi fills up P
k
b
. Then T˜X,x
is generated mod Pl
b
by ∂ pi/ ∂ t j, i = 0, ..., ℓ, j = 1, ..., dim(B), where the t j are coordinates
on B, and this remains constant if α0, ..., αk are varied, thanks to X0 being Gaussian. Note
that the Gauss deficiency of X is at least equal to that of X0. X is called an inflation of X0.
3. GAUSSIAN FLAGS, DUALITY
Let f : XB → P
N be a non-filling, nondegenerate ( f (XB) not contained in a hyperlane)
stationary scroll of dimension n. For general b ∈ B and general x ∈ Xb ≃ P
k, the embed-
ded tangent space T˜ f (x) f (XB) ( P
N depends only on b. It is easy to see, e.g. by choosing a
section, that assigning b to this tangent space yields a rational map B · · · → G(n, N). After
a suitable base-change, we may assume this map is a morphism, so it corresponds to a
scroll that we denote by X(1)
B
and call the tangent scroll (or derived scroll or developable
scroll) corresponding to the stationary scroll XB. This is the scroll denoted T˜X in the pre-
vious section- the present notation is more convenient for (relative) flags. Note that as
in §2.2, X(1)
B
is itself stationary. Therefore this construction may be repeated, yielding os-
culating scrolls X( j)
B
as long as they don’t map onto PN . This yields a flag of scrolls over
B, called the osculating or Gaussian flag associated to the stationary scroll XB:
XB ( X
(1)
B
( ... ( X
(ℓ)
B
where ℓ is largest so that Xℓ)
B
→ PN does not map onto a linear subspace.
Now a Gaussian flag corresponds to a classifying map to a flag variety
c : B → F(k0, ..., kℓ, N).
Using the identification
F(k•, N) ≃ F(N − k• − 1, N),
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a Gaussian flag (XB, X
(•)
B
) corresponds to a flag of scrolls in the dual projective space PˇN
that we call the linear dual2 (Gaussian) flag and denote by
(X
(•)⊥
B
) : X
(ℓ)⊥
B
( ... ( X
(0)⊥
B
= X⊥B .
This construction and terminology are justified by
Theorem 4 (Duality Theorem). Assumptions as above, (X(•)⊥
B
is a Gaussian flag and its linear
dual is (X(•)
B
.
Proof. The fact that the linear double dual coincides with the original (i.e. X⊥⊥
B
= XB) is
standard (and obvious). The fact that (X(•)⊥
B
) is Gaussian, i.e. that
((X
( j+1)⊥
B
)(1) = (X
( j)
B
)⊥,
follows from the assertion that, for any stationary scroll YB, we have
(Y
(1)⊥
B
)(1) = Y⊥B .(1)
In other words, the leading edge of X(1)
B
is XB. Note that the inclusion
(Y
(1)⊥
B
)(1) ⊇ Y⊥B(2)
is obvious. What the equality means explicitly is the following. Pick a general point
y ∈ Y and let N1(y) be its first-order neighborhood in Y and consider the intersection of
the tangent spaces T˜y′Y as y
′ ranges over N1(y), i.e.
⋂
y′∈N1(y)
T˜y′Y ⊂ TyY or, what is the same
⋂
v
(T˜yY ∩ (
∂
∂v
T˜y′Y)) where v ranges over TyY or any basis thereof. What is obvious is that
if F denotes the fibre of Y/B through y, which is itself a Pk, then the latter intersecion
contains T˜yF = F, i.e.
F ⊆
⋂
y′∈N1(y)
T˜y′Y
(this is just (2)). The point is that the latter inclusion is an equality.
In the case where Y is a hypersurface, the equality assertion is proved in the same way,
using a Darboux frame (i.e. diagonalizing the (scalar-valued) second fundamental form)
as the proof of the ’double duality’ theorem in [3], (3.12) p.397. The general case, Where
Y has arbitrary codimension, follows from the hypersurface case by taking generic pro-
jections to Pn+1 (or equivalently, analyzing the vector-valued second fundamental form
component by component- this does not require simultaneously diagonalizing the com-
poents).
2The terminology is chosen to avoid confusion with dual variety.
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More explicitly, write the second fundamental form at a general p ∈ X as
IIX =
c∑
i=1
Φivi
where c = N − n is the codimension, v1, ..., vc is a (general enough) basis for the normal
bundle at p, and Φ1, ...,Φc ∈ Sym
2
T ∗pX. Then what has to be proven is that the common
nullspace of the interior products 〈Φi, u〉 ∈ T
∗
pX as u ranges over TpX (or a basis thereof),
and i ranges over [c] equals TpF. But, using the fact that the Gauss map γX is submersive
to its image at the general point p ∈ X, i.e. F is smooth at p, this is already true for
any given i, and is proven as in the hypersurface case done in loc. cit. by diagonalizing
Φi. 
Remark 5. Another- actually not much different from that in [3]- proof of duality may
be given as follows. First, using Lemma 2, we may assume that X is a variety with
generically finite Gauss map, hence nondegenerate second fundmental form IIX. What
has to be proven is that the leading edge of X(1) coincided with X. Generically projecting
as above, we may assume X is a hypersurface, so X(1)⊥ is just a subvariety in the dual
projective space PˇN . Working locally and writing a general point of X parametrically as
p(t), a point of X(1)⊥ can be written parametrically as
p′(t) = 〈p ∧ (∂ p/ ∂ t1) ∧ ... ∧ (∂ p/ ∂ tn)〉 ∈ Pˇ
N .
We may assume the tangent vectors ∂ / ∂ ti are eigenvectors for the (nondegenerate,
scalar-valued) second fundamental form IIX. Then
∂ p′/ ∂ ti = 〈p ∧ (∂ p/ ∂ t1) ∧ ... ̂∂ p/ ∂ pi... ∧ (∂ p/ ∂ tn)〉 ∂
2 p/ ∂ t2i ,
where ∂2 p/ ∂ t2
i
is a nonzero scalar by nondegeneracy of IIX. This yields a nonzero linear
form, i.e. hyperplane in T˜pX and because p, ∂ p/ ∂ t1, ..., ∂ p/ ∂ tn are a basis for T˜pX, the
intersection of these for 1 = 1, ..., n is just p, which proves our assertion.
Now for a stationary scroll X/B with osculating flag X(•)
B
let ni be the dimension of the
image of X(i)
B
in PN , which is also the fibre dimension of X(i+1)
B
over B, so that dim(Xi+1)
B
=
g + ni. We call (n•) the oculating dimension sequence of the stationary scroll XB.
Corollary 6. The assignment
XB ↔ X
(ℓ)⊥
B
yields a bijection between stationary scrolls with osculating dimension sequence (n•) of length ℓ
in PN and stationary flags with osculating dimension sequence (N − 1 − n•) reversed in Pˇ
N .
Corollary 7. Let X be a stationary scroll of Gauss dimension g such that X (resp. the i-th
osculating scroll of X) is a hypersurface. Then X is linearly dual to a tangential scroll (resp.
(i + 1)-st osculating scroll) of a g-dimensional variety.
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More generally,
Corollary 8. Let X be a stationary scroll of Gauss dimension g in PN such that the i-th osculating
scroll of X has dimension g +m < N. Then X is linearly dual to the ith osculating of a stationary
scroll of dimension g + N − m − 1 and Gauss dimension ≤ g.
Coming back to Corollary 7, a general stationary scroll of Gauss dimension g and di-
mension n in PN may be projected generically to a stationary hypersurface scroll π(X)
of Gauss dimension g in Pn+1. Then that tangent scroll π(X)(1) is linearly dual to a g-
dimensional subvariety of Pˇn+1 and π(X)⊥ is the tangent scroll of the latter. Since projec-
tion is linearly dual to taking linear space section, we conclude
Corollary 9. If X ( PN is an n-dimensional stationary scroll of Gauss dimension g then the
section of X⊥ by a general (n + 1)-dimensional linear subspace in PˇN is a tangent scroll of a
variety of dimension g.
That is a sense in which a variety with degenerate Gauss map is ’built up from cones
and tangent developables’ (per Griffiths and Harris) (the cones are exactly those X so
that X(1)⊥ is degenerate).
Corollary 10. Let XB be a nondegenerate, non-filling stationary scroll which is not a cone and
whose leading edge scroll is nonempty. Then X is a developable scroll.
Proof. Our assumptions imply that the linear dual X⊥B is non-filling and nondegenrate.
The leading edge L(X/B) is just the dual of X⊥(1)
B
. Therefore by duality, X = L(X/B)(1)
B
.

Example 11. In P5 = P(Sym2(C3)), i.e. the space of conics in P2, let X be the Segre cubic
primal consisting of all reducibles (line-pairs). It has Gauss dimension 2, and is linearly
dual to the tangent scroll of the Veronese (2-uple embedding of P2). X is also the tangent
scroll of the dual Veronese of double lines.
Example 12. Consider the example appearing in [2], IIIB, Class 1a. The is a 3-fold in P4
of Gauss dimension 2 that is a union of tangent lines in (one of two) eigendirections for
the second fundamental form of a general surface S (assuming these eigendirections are
distinct). Thus X is a P1-bundle over a surface B which can be locally identified with S .
X
(1)
B
is a P3-bundle which fills up P4 and corresponds to a surface X(1)⊥
B
→ Pˇ4. The tangent
developable of this surface is just X⊥B , a P
2-bundle which surjects to Pˇ4. The dual to X⊥(1)
B
is empty.
Remark 13. The dual to the ’inflation’ construction of 2.3 may be called a ’deflation’.
Thus, for a stationary scroll of fibre dimension k, a deflation, i.e. subscroll of codimen-
sion ℓ ≤ k is a staionary scroll of fibre dimension k−ℓ (which may be 0, so not correspond
to a variety with degenerare Gauss map, as noted in [2]).
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4. VARIETIES WITH SMALL GAUSS DIMENSION
Lemma 14. Suppose give the following:
U,V , finite-dimensional vector spaces,
L, a line bundle on an irreducible projective variety X,
i : U ⊗ OX → V ⊗ L an injection whose degeneracy locus is a hypersurface numerically
equivalent to rL + A where r = dim(U) and A is nef.
Then A is numerically trivial and the saturation of of im(i) is a constant subbundle, i.e. has the
form V0 ⊗ L for some subspace V0 ⊂ V . Conversely if i is an injection such that the saturation of
im(i) is a constant subbundle then the degeneracy locus of i is numerically equivalent to dim(U)L.
Proof. Note to begin with that a rank-r subsheaf of V ⊗ L that is generically contained
in V0 ⊗ L where dim(V0) = r saturates to V0 ⊗ L. Consequently we may cut X down and
assume it is a curve, then normalize and assume it is nonsingular. Then the saturation
of im(i) has the form E ⊗ L where E is a rank-r subbundle of the trivial bundle V ⊗ OX.
Now E corresponds to a morphism f of X to the Grassmannian G(r,V) and − det(E) is
the pullback of the ample Plucker line bundle, while the drop-rank locus of i, i.e. the
zero-locus of ∧ri, must be numerically equivalent to det(E ⊗ L) = det(E) + rL. Thus
det(E) + rL ≡num rL + A,
i.e. det(E) is nef. Consequently det(E) is numerically trivial so f is constant and E ⊗ L =
V0 ⊗ L as claimed. The converse is trivial. 
Classically, the focal locus of a scroll
⋃
b∈B
Pk
b
is the union of the intersections of fibres Pk
b
with their ’consecutive’ , i.e. the ramification locus of the natural map
∐
b∈B
P
k
b →
⋃
b∈B
P
k
b.
Then the Lemma shows:
Corollary 15. For a scroll of fibre dimension k, if the focal locus meets each fibre in a hypersurface
then the degree of the hypersurface is at most k with rquality iff the scroll is stationary.
Theorem 16. Let X be a stationary scroll of dimension n and Gauss dimension g with g(g+1) ≤
n. Then X is an inflated cone or inflated tangent scroll.
Proof. Let L = Pn−g
b
be a general fibre of the Gauss map. The normal map
ν : TbB ⊗ OL → NL/PN
factors through a constant subbundle V⊗OL(1)where dim(V) = g. Hence ν can be viewed
as a g2-tuple of sections of OL(1). Since g
2 ≤ n − g by assumption, there is a point p ∈ L
where ν vanishes. Viewing p = p(t) as describing a section S over B as t varies, we
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get that ∂ p/ ∂ ti ∈ L,∀i where the ti are local coordinates on B (the partials are well de-
fined mod p). This means L contains T˜pS , so X is an inflated cone (if p(t) is constant) or
tangential variety (otherwise). 
Corollary 17. Let XB be a nondegenerate stationary scroll of Gauss dimension g and codimen-
sion c in PN , such that g(g − 1) < c. Then XB is a subscroll of the linear dual to a tangent scroll
of a variety of dimension g or less.
Proof. Note that if the scroll X/B → PN has fibre dimension n and base dimension g,
hence fibre dimension n − g,
then X⊥ has dimension g + (N − 1 − n + g) = 2g + c − 1. Then our conclusion follows
by duality from Theorem 16 by noting that the linear dual of a nondegenerate variety
cannot be a cone. 
In case g = 1, Theorem 16 can be sharpened, a result already known to Griffiths and
Harris:
Proposition 18. A variety with 1-dimensional Gauss image is an osculating variety to a curve
or a cone over such.
Proof. The proof is by induction on n. Using notation as above, the zero-set of ν is a
hyperplane L0 ⊂ L = P
n−1
b
. Let X0 be the n − 1-fold swept out by these hyperplanes as b
varies. Then for x ∈ L0 general, clearly T˜X0,x = L so X0 is again a stationary scroll (or a
curve, if n = 2). So by induction we can write
L0 = 〈p(b), p
′(b), ..., p(k)(b), c1, ..., cn−2−k〉,
for a variable point p and constant points ci (possibly k = −1, so the point p is not there
and L0 is constant). Hence
L = 〈p(b), p′(b), ..., p(k+1)(b), c1, ..., cn−2−k〉,
or possibly
L = 〈p(b), p′(b), ..., p(k)(b), c1, ..., cn−2−k, cn−1−k〉
completing the induction. 
Remark 19. Curiously, it follows from the above that the linear dual of an osculating
scroll to a curve is also an osculating scroll to a curve: however this is well known and
follows from the existence of a (classical) dual (not linear dual) curve Xˇ ⊂ PˇN which for X
nondegenerate is just the locus of (N −1)st osculating hyperplanes, given parametrically
by p ∧ p′ ∧ ... ∧ p(N−1).
Remark 20. The ’conjugate spaces’ construction in [2] shows that for general g analogues
of Theorem 16 or Proposition 18 are not available.
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Note that for any stationary scroll X/B, the pullback of X by any curve C → B is a
variety XC/C to which Proposition 18 applies. Consequently X is in many ways a union
of cones over osculating varieties to curves.
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